Mathematica 11.3 Integration Test Results

Test results for the 336 problems in "6.2.5 Hyperbolic cosine
functions.m"

Problem 1: Result more than twice size of optimal antiderivative.

JCosh [a+bx] dx

Optimal (type 3, 10leaves, 1 step):
Sinh[a + b x]
b

Result (type 3, 21 leaves):
Cosh[bx] Sinh[a] Cosh[a] Sinh[bx]
+
b b

Problem 75: Result more than twice size of optimal antiderivative.

1
J dx
5+ 3 Cosh[c+dx]

Optimal (type 3, 31leaves, 1step):

Ar‘cTanh[ Sinh[c+d x ]
3+Cosh[c+d x]

4 2d

Result (type 3, 65 leaves):

7Log[2Cosh[% (c+dx) | —Sinh[% (c+dx)]] ) Log[ZCosh[i (c+dx)] +Sinh[% (c+dx)]]

4d 4d

Problem 76: Result more than twice size of optimal antiderivative.

J ! dx
(5+3Cosh[c+dx])2

Optimal (type 3, 56 leaves, 3 steps):

Sinh[cidxl
sx  SArCTanh [ reran ) 3Sinh[c+dx]

64 32d 16d (5+3Cosh[c+dx])

Result (type 3, 144 leaves):
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[715 Cosh[c +dx]

Log[ZCosh[i (c+dx)] —Sinh[i (c+dx)]] —Log[ZCosh[% (c+dx)] +Sinh[§ (crdx)]]|+

25 7Log[2Cosh[% (c+dx)] 7Sinh[§ (c+dx)]] +Log]

1

2Cosh[1 (c+dx) ] +sinh|
2 2

(c+dx)]]|-12sinh[c+dx] /(64d<5+3Cosh[c+dx])>

Problem 77: Result more than twice size of optimal antiderivative.

J ! dx
(5+3Cosh[c+dx])3

Optimal (type 3, 81 leaves, 4 steps):

59 Ar‘cTanh[M}

59 x 3+Cosh[c+d x]

3Sinh[c+dXx] 45 Sinh[c +d x]

2048 1024d _32d(5+3Cosh[c+dx})2 512d(5+3Cosh[c+dx])

Result (type 3, 217 leaves):
59Log[2Cosh[i (c+dx)] 7Sinh[i (c+dx)]] 59Log[2Cosh[i (c+dx)] +Sinh[§ (c+dx)]]

2048 d ' 2048 d i
3 ) 45sinh[ > (c+dx) | )

512d (2Cosh[i (c+dx)] 7Sinh[i (c+dx)})2 2048 d (2Cosh[% (c+dx) ] —Sinh[% (c+dx>])

3 4551nh[§(c+dx”

512 d (2Cosh[§ (c+dx)]+sinh[> (c+dx”)2 2048 (2cOsh[§ (c+dx)]+sinh[2 (c+dx>])

Problem 78: Result more than twice size of optimal antiderivative.

J = dx
(5+3Cosh[c+dx])*

Optimal (type 3, 106 leaves, 5 steps):
385 ArcTanh [ Stohledxl]

385 x 3+Cosh[c+d x] Sinh[c +d x]
32768 16384d 16d (5+3Cosh[c+dx])?
25Sinh[c +dX] 311 Sinh[c +dx]

512d (5+3Cosh[c+dx])® 8192d (5+3Cosh[c+dx]]

Result (type 3, 296 leaves):
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1

1 o1
- (296450Log[2Cosh[f(c+dx)]—51nh[7<c+dx)H+
131072d (5+3Cosh[c+dx])> 2 2
10395 Cosh[3 (c +dx) | Log[2Cosh[1 (c+dx)] -Sinh[l (c+dx)]]+
2

1
2

377685 Cosh[c +dx] (c+dx)]]-

Log[ZCosh[l (c+dx)]-sinh|
2

c+dx)H]+

Log[ZCosh[% (c+dx>] —Sinh[% (c+dx>H -

Log[ZCosh[l (c+dx)] +Sinh[l (
2 2

103950 Cosh |2 (c+dX) |

Log[ZCosh[% (c+dx” +Sinh[§ (c+dx)H] -

296450Log[2Cosh[l (c+dx)] +Sinh[1 (c+dx)]]-
2 2

10395 Cosh[3 (c +dx) | Log[ZCosh[l (c+dx) ]| +sinh|

5 (c+dx)]]+

N |

175788 Sinh[c +dx] + 84240 Sinh[2 (c+dx) | + 11196 Sinh[3 (c+dx) |

Problem 197: Result more than twice size of optimal antiderivative.

J\/ a+bCosh[x] Tanh[x] dx

Optimal (type 3, 37 leaves, 4 steps):

JaThCosh T

~2+/a ArcTanh[ Y25 b Cosh [x] ] +2+/a+bCosh(x]
Va

Result (type 3, 75leaves):

_r
b +aSech[x]

\/a /Sech[x] }m 1+aSech[x]

2+ a+bCosh[x] |b+aSech[x] —\EﬁAr‘csinh[
Vo b

Problem 198: Result more than twice size of optimal antiderivative.

Tanh [x]
j dx
v a+bCosh[x]
Optimal (type 3, 24 leaves, 3 steps):

2 ArcTanh [ :am;fhm ]
a

Va
Result (type 3, 60 leaves):
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2 \/FAr‘cSinh[ﬁ\/W] b+aSech[x]

b

\a Va+bCosh[x] ~/Sech[x]

Problem 210: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J%dx
a+bCosh[x]?

Optimal (type 4, 191 leaves, 9steps):

bezx bezx
xLog[1+—] xLog[1+—}
2a+b-2+/a /a+b B 2a+b+2+/a Ja+b
2\/?\/a+b Z\Ex/aer
Polylog[2, - ——2< ] polyLog[2, - —2<*
oy Og[ ? 2a+b-2+/a /a+b ] B oy Og[ ? 2a+b+2+/a Ja+b ]
a+a Vaib 4+a Varb

Result (type 4, 536 leaves):
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1 (a+b) Coth[x] . 2a aTanh[x]
-————— |4xArcTan| ——"———] +2iArcCos|[-1- — | ArcTan| —— | +
4 7a(a+b) 7a(a+b) b 7a(a+b)
b) Coth
Ar‘cCos[—l— ﬁ] +2Ar‘cTan[<a+>—0[X]] —ZAPcTan[M}
b —a(a+b) —a(a+b)
V2 /- b) e
Log[ a(a+ ) e ]+
/b \/2a+b+bCosh[2Xx]
b) Coth
ArcCos|-1 - 2_a] —2Ar‘cTan[<a+>—o[X]] +2Ar‘cTan[M}
b 7a(a+b) 7a(a+b)
V2 /- b) e
Log | 2(arb) e | - |ArcCos|-1- 2_a] 72ArcTan[m}
b v/2a+b+bCosh[2X] b ~a (a+b)

2 (a+b) (aﬂim) (-1+Tanh[x])

Log| ] -
b(a+b+1’1 -a (a+b) Tanh[x]
ArcCos|-1 - 2_a] +2Ar‘cTan[m]
b —a(a+b)

21 (a+b) (1a+/-a(a+b] | (1+Tanh(x]]
b(a+b+jmTanh[x]
(2a+b—21‘1 ~a (a+b) ) (a+b-imTanh[x])
b(a+b+j\/mTanh[x]
(2a+b+2im) a+b—j1\/mTanh[x])
b(a+b+immnh[x}

|+

Log |

i |Polylog|2,

] _

Polylog|2,

]

Problem 224: Result unnecessarily involves imaginary or complex numbers.

x Sinh[c +dx]
j dx

a+bCosh[c+dx]

Optimal (type 4, 161 leaves, 7 steps):

x Log[1 + —2e== x Log[1+ —2e== PolyLog[2, - —2<=* PolylLog[2, - —2e=*
X2 [ a-+/ a’-b? } [ a++/ a®-b? } [ ’ a-+/ a’-b? } [ ’ a++/ a2-b? ]
-— + + +

2b bd bd b d? b d?

Result (type 4, 279 leaves):
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a+b

1 |1 b (a-b) Tanh[> (c+dx) ]
——| = (c+dx)?+4iArcSin| | ArcTanh| 2 ]+
bd? |2 V2 VaZ_b?
[ asb
b (a—m) e cdx
c+dx-21iArcSin| || Log[1+ ]+
vz :
a+b
. . b (a+ Vaz‘bz)‘efcfdx b Cosh[c +d x]
c+dx+21iArcSin| ]| Log[1+ | -cLog[1+ ————] -
2 b a
(—a+ a? - p? ) e cdx (a+W) e cdx
PolyLog|2, " | - Polylog|2, - o ]

Problem 232: Attempted integration timed out after 120 seconds.

Sinh[c +dx]?
j dx
x (a+bCosh[c+dx])

Optimal (type 8, 27 leaves, 0 steps):

Int[ Sinh[c+dx]? x]
x (a+bCosh[c+dx]) ’

Result (type 1, 1leaves):
???

Problem 236: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J xSinh[c+dx]3
a+bCosh[c+dx]

Optimal (type 4, 288 leaves, 13 steps):
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(a?-b?) xLog[1+ ﬂ]

X <az_bz) x? axCosh[c+dx] aJar b2
- - + +
4bd 2b? b2 d b3 d
a?-b?) xLog|1 _betdx a?-b?) Polylog|2, _ —betix
(-0 xtoglt s Do) P >
b3 d : b3 d? '
b ec+dx

(a® - b?) PolyLog|2, -

a++/ a®-b? }

aSinh[c+dx] Cosh[c+dx] Sinh[c+dXx]

xSinh[c+dx]?

+

b* d? b? d? 4bd?
Result (type 4, 621 leaves):
-8abdxCosh[c+dx] +2b*dxCosh[2 (c+dX) |-
8 b3 d?
8a2cLog{1+bCOSh[c+dX]]+8b2cLog[1+bCOSh[c+dX]]+
a a
a+b
1 b (a-b) Tanh[2 (c+dx) ]
8a’ |~ (c+dx)?+4iArcSin| | ArcTanh| 2 |+
2 V2 Va?-b?
+b
r (a— a2_b2)e—c—dx
c+dx-21iArcSin| || Log[1+ ]+
V7 b
+b
ab (a+ 32 bZ)e—c—dx
c+dx+21iArcSin| || Log[1+ ] -
N b

(—a+ aZ - b? ) e cdx

(a + W) e cdx

Polylog|2,
b

8 b2 1 (c+dx)2+4j1Ar‘cSin[
2

| - PolyLog[2, -

b
a;b (a-b) Tanh[> (c+dx) |
| ArcTanh| 2 ]+
N2 Va2 - b2

+

2bd
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PolyLog [2,

c+dx-21iArcSin|

c+dx+21iArcSin|

V2

o

a+
b

V2

(—a+ a? - b?

a+b
b

)

]

]

e

(a- Va7 b7 ) eex

Log[1+
b

|+

-c-dx

b

] - PolylLog [2, -

8absinh[c+dx] -b>Sinh[2 (c+dx) ]

(a0 Va7 07 ) e

Problem 238: Attempted integration timed out after 120 seconds.

Sinh[c+dx]3
J dx
X (a+bCosh[c+dx])

Optimal (type 8, 27 leaves, 0steps):

Sinh[c+dx]3
Int|

X (a+bCosh[c+dx])

Result (type 1, 1leaves):
???

> x|

Problem 247: Result more than twice size of optimal antiderivative.

Cosh[a+bLlog[cx"]]
J dx

X

Optimal (type 3, 18leaves, 2 steps):

Sinh[a+bLog[cx"]]
bn

Result (type 3, 37 leaves):

Cosh[bLog[cx"]] Sinh[a] Cosh[a] Sinh[bLog[cx"]]
+

bn

bn
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Problem 262: Result more than twice size of optimal antiderivative.

a+bx
Cosh[ ]dlx
J c+dx

Optimal (type 4, 101 leaves, 5 steps):
(c+dx) Cosh[%} (bc-ad) CoshIntegral| 229 Sinh[g]

c+d x d (c+dx)

d d?
(bc-ad) Cosh[?] SinhIntegral| dbc%ad}

(c+d x)

d2

Result (type 4, 373 leaves):

1 a+bx ) a+bx
—— |2cdCosh]| | +2d*xCosh]| +
2 d? c+dx c+dx
(bc-ad) Coshinte r‘al[bc_ad] Cosh[b} Sinh[b})
- - - + - +
& cd+d?x d d
-bc+ad b . b
(bc-ad) CoshIntegral| ——————] |Cosh| | +Slnh[—]) +
d(c+dx) d d
b . -bc+ad b X -bc+ad
bc Cosh[f} SlnhIntegr‘al[i} -a dCosh[f] SlnhIntegr‘al[i
d d(c+dx) d d(c+dx)
. b . -bc+ad . b, . -bc+ad
chmh[—} SlnhIntegr‘al[i} —adSmh[—] SlnhIntegral[4 -
d d(c+dx) d d(c+dx)
b . bc-ad b X bc-ad
b c Cosh| —] SinhIntegral] | +adCosh|~] sinhIntegral[———] +
d cd+d?x d cd+d?x
. b . bc-ad . b X bc-ad
bcSinh|[—]| SinhIntegral| | ~adsinh[~] sinhIntegral|[ ———
d cd+d?x d cd+d?x

Problem 275: Result is not expressed in closed-form.

Jex Sech[2 x] dx

Optimal (type 3, 92leaves, 11 steps):
Ar‘cTan[l—\/?eX} Ar‘cTan[1+\/7eX] Log[l—\/?exwezx} Log[1+\/7ex+ezx}
_ N N _
V2 V2 2+/2 2+/2

Result (type 7, 31leaves):
X - Log[e* - 1]

- Rootsum [1+01%8, &|
2

H1

Problem 276: Result is not expressed in closed-form.

Jex Sech[2 x]2dx
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Optimal (type 3, 111 leaves, 12 steps):
X Ar‘cTan[l—\/?eX] Ar‘cTan[1+ﬁeX] Log[l—ﬁe“re”] Log[1+\5ex+e2"]
- - + - +

1+e*x 22 22 42 42
Result (type 7, 46 leaves):

e 1 x - Log[e* - 11
- - = RootSum|1 + 11 &, el ) ]
1+e** 4 =13

Problem 279: Result is not expressed in closed-form.
Jex Sech[3 x] dx

Optimal (type 3, 55leaves, 9steps):

Ar‘cTan[M]
v 1 Log[1+e?*] + 1 Log[1-e?*+e*¥]
3 6

V3
Result (type 7, 55leaves):
2x 1Log[1+ezx] - 1RootSum[l-mznﬂ“ g, - toeler - Hl) &]
3 3 3 1112
Problem 280: Result is not expressed in closed-form.
Jex Sech[3 x]?dx
Optimal (type 3, 110leaves, 13 steps):
o 2e + 2ArcTane’] 1Ar'cTan[\/_fzeX} +
3 (1+e%%) 9 9
Log[1-+3 e*+e?*| Log|l+V3 e*+e?*
lArcTan[\/?Jrzex]— og[ \/—e re }Jr og[ +\/_e o€ ]
9 63 63
Result (type 7, 90 leaves):
1 6 e*

— |- . +2Ar‘cTan[eX] +
9 1+e®X

—2x+2Llog[eX-f1] +x1l% - Log[e* - #1] 12
RootSum[1 - 512 + #1* &, gl } gl ]

8]

-1+ 2113

Problem 283: Result is not expressed in closed-form.

jex Sech[4 x] dx

Optimal (type 3, 371 leaves, 21 steps):
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2z Vava W .
2 2(2+\/7) 2 /2(27\/7)
Ar‘cTan[@“ 22

Log 2-4/2 e +ce2 Log +2-1/2 e+e?

N

N

N

I
5] a
N

N

N

|

N

N

N
~

|

N

Result (type 7, 31 leaves):

1 X - Log[e* -1
- = RootSum[1 +n18 &, gl ] &

4 13

Problem 284: Result is not expressed in closed-form.

Jex Sech[4 x]? dx

Optimal (type 3, 379 leaves, 22 steps):

Ar‘cTan[@L 2 _zex]
— (ex — 2+\/7 —
2 (1+e8%
| ) 8 |2 (zfﬁ)

Ar‘cTan[@} Ar‘cTan[@} Ar‘cTan[l@* 2 +2¢e7]
W 2442 \/F

+ +

\V2-+/2 Log[1-+2-V2 e +e?

242 Log[l-1/2+/2 e*+e?*

\/2 V2 Log[l+/2-V2 e+e?
2+\E Log 2+\Ee +e?

1
32
1

‘”\“‘”\“

Result (type 7, 48 leaves):

e 1 8 X - Log[e* - 1]
- ————— - — RootSum|1 +=1® &,
2 (1+<e8x) 16 717

8]
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Problem 288: Unable to integrate problem.

JFC (a+bx) sach[d + e x] dx

Optimal (type 5, 68 leaves, 1step):

1 bclL F 1 bclL F
— D edtex pc(atbx) Hyper‘geometr‘icZFl[l, erbcloglF] , — 3+ clog(F] , —e? (d*e")}
e+bcLog[F] 2e 2 e
Result (type 8, 18leaves):
JFC (3+bx) sach[d + e x] dx
Problem 290: Unable to integrate problem.
JFC (@a+bX) sach[d + e x]3 dx
Optimal (type 5, 124 leaves, 2 steps):
1 bclL F 1 bclL F
—edrex Fe (a0 Hypergeometric2Fl|1, w, (3, 2ctoelf] , —e? (drex ]
e? 2e 2 e
bcFc(@bX) |og[F] Sech[d+ex] FC¢(@bx Sech[d+ex] Tanh[d+ex]
(e-bcloglF]) + +
2¢? 2e
Result (type 8, 20leaves):
JFC (@a+bx) sach[d + e x]3 dx
Problem 319: Result more than twice size of optimal antiderivative.
J-Fa*“‘z Cosh[d+ex+ fx2]3 dx
Optimal (type 4, 300 leaves, 14 steps):
—d+$ -3 d+L
3e afaclogf] f2 \/? Erf e+2x (f-clog[f]) e 12Faclogf] 2 \/? Erf 3e+2x (3f-clog[f])
[ 2+/f-clog[f] [ 2+/3f-clog[f]
+ +
16 \/f - c Log[f] 16 V3 f-clog[f]
3 ed’4 [ﬂceu,g[f'] fa \/? Erfi [ e+2x (f+clog[f]) } ‘83 " [73::%[{” £ \/7 Erfi [ 3e+2x (3f+clog[f])
24/ f+cLog[f] 2+/3f+cLog[f]
+
16 vV f + c Log[f] 16 V3 f + cLog[f]

Result (type 4, 2303 leaves):
1
16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+clLog[f])

e?

e+2fx-2cxlLog[f
2/ |27 e*[f<reelfl] £3 Cosh[d] Er‘F[ . glf]

2+/f-clog[f]

| \F-cloglf] +
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e

T e e+2fx-2cxLog[f]
27 c e*[f<welfl] £2 Cosh[d] Erf | | Log[f] Vf-clog[f] -
2+ f-clog[f]

e e+2fx-2cxlog[f] 5
3 2 g4 |Fcroglf 'FCOSh[d] EP'F[ }Log['ﬂ f-clog[f] -

2+/f-clog[f]
—e2 e+2fx-2cxLlog[f] 3
3¢3 e#(<well] Cosh[d] Er‘-F[ ]Log[ﬂ f-clog[f] +
2+/f-clog[f]

9e?

T 3e+6fx-2cxlog[f]
3 e*lrewelel] £2 Cosh[3d] Erf| | V3f-clog[f] +
2+/3f-clog[f]

— 3e+6fx-2cxLog[f]
ce*Breedd] £2 Cosh[3d] Erf]| | Log[f] /3 f-clog[f] -
2+/3f-clog[f]

— 3e+6fx-2cxlog[f] )
3c2e4lFewslfl] fCosh[3d] Er‘-F[ ]Log[-F] 3f-clog[f] -
2+/3f-clog[f]
9e?

3 T 3e+6fx-2cxlLog[f] 3
3 e rewslel] Cosh[3d] Erf| | Log[f1®V3f-cloglf] +
2+/3f-clog[f]

— re+2fx+2cxlog[f]
27 e *[r<wslvl] £3 Cosh[d ] Erfi| | Vf+clog[f] -

2

2+/f+clog[f]
L ) .re+2fx+2cxLog[f]
27 c e *[Fcwsll) £2 Cosh[d] Erfi| | Log[f] /f+clog[f] -
2+ f+clog[f]
L re+2fx+2cxLog[f] )
3c2e *[rcwslfl) £ Cosh[d] Erfi| | Log[f12+/f+clog[f] +
2+/f+clog[f]

e?

— .re+2fx+2cxLlog(f] 3
33 e 4(Fetonlt I Cosh[d] Er‘-Fl[ ]Log[-F] f+clog[f] +
2+ f+clog[f]

o .r3e+6fx+2cxlog[f]
3e *Prcld] £ Cosh[3d] Erfi | V3f+cloglf] -

2+/3f+clog[f]
L R +3e+6fx+2cxLog[f]
ce “[rewif) £2Cosh[3d] Erfi| | Log[f] /3 f+clog[f] -
2+/3f+clog[f]

9e?

> T r3e+6fx+2cxLlog[f] )
3c2e *(rewelr)] £ Cosh[3d] Erfi| | Log[f12+/3f+clLog[f] +
2+/3f+clog[f]
9e?

s T .r3e+6fx+2cxLog[f] 3
3 4[3rerogr]] Cosh[3d] Er‘-Fl{ } Log[f] 3f+clog[f] -
2+/3f+clog[f]

T e+2fx-2cxlLog[f
27 e*[rewelfl] £3 Erf | ]v - clog[f] Sinh[
2+ f-clLog[f]
e+2fx-2cxLog[f]
2+ f-clog[f]

e+2fx-2cxlog[f]

2+/f-clog[f]

2

e

27 c e*[Feinlfl] £2 Erf]

| Log[f] Vf-cLlog[f] Sinh[d] +

2

3% etlFewoedl] £ Erf|

| Log[f12+/f-cLog[f] Sinh[d] +
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e

3C3emEr‘F[e+2fX72chog[f]

2+/f-clog[f]

T re+2fx+2cxLog([f] .
27 e *lfeneldl] £2 Erfi| | Vf+clLog[f] Sinh[d] -
2+ f+clog[f]

27 c e slrewon] g2 gppi [ ST 2T X ZCXLBITL 1 o) T CLog ] Sinh(d] -
2+/f+clog[f]
e+2fx+2cxLlog[f]
2+/f+clog[f]
3C3e’ma\ﬁ[e+2fx+2cxLog[ﬂ
2+/f+clog[f]
3e+6fx-2cxLlog[f]
2~/3f-clog[f]
3e+6fx-2cxLlog[f]
2~/3f-clog[f]
3e+6fx-2cxlog[f]
2+/3f-clog[f]
3e+6fx-2cxlog[f]
2+/3f-clog[f]
3e*mf3Erfi[3e+6fx+2chog[ﬂ
2~/3f+clog[f]
c@*mfzErfi{3e+6-Fx+2chog[ﬂ
2~/3f+clog[f]
3e+6fx+2cxlog[f]
2~/3f+clog[f]
9e?

R — 3e+6fx+2cxlog[f]

C3<e 4 (3f+cLog[]] Er‘fi[
2+\/3f+clog[f]

] Log (13 ~/F-cLog[f] Sinh[d] +

2

e?

3c%e ¢lFetnldl] £ERFi|

| Log[f]2+/f+clog[f] Sinh[d] +

| Log[f1%+/f+cLog(f] Sinh[d] -

9e?

3 e rctoele]] £3 Er"F[

| V3F-clog(f] sinh(3d] -

9e2

CetBreedl) £2 Epf|

] Log[f] V3 F-cLog[f] Sinh[3d] +

9e?

3¢2 e Prewal] £ ERf|

| Log[f12V/3F-clog[f] Sinh[3d] +

9e?

& expraaii] Enf|

| Log[]2+/3F-clog[f] Sinh[3d]+

| V/3f+clLog[f] Sinh[3d] -

| Log(f] V/3f+clLog[f] Sinh[3d] -

9e?

3cte prewi] £ERFL|

] Log[f]2V/3F+clog[f] Sinh[3d]+

| Log[f12+/3f+clog[f] Sinh[3d]

Problem 325: Result more than twice size of optimal antiderivative.

Jfﬁ“bm % Cosh[d + £ x?]* dx

Optimal (type 4, 323 leaves, 14 steps):
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3 e’d*AE ::gL[og] | fa / EI"‘F[ blog[f X (f-clLog[f]) } (873 +% | faA/T EP'F[ blog(fl-2x (3f-clog[f]) ]
f-c Log[f] 3f-clog(f]
- - +
16 \/f - c Log[f] 16/ 3f -clog[f]
d- bZLogHV2 3d- bZLog{J
3o 4[fclelfl] Fa./ g EH:i[bLog[ﬂ+2><(f+cLog[ﬂ> } e a(3rcLoglf]] £a 1/ Er“Fl[b"og [f1+2x (3 f+clog[f]) }
f+cLog[f] 3f+clog[f]
+
6V f+clLog[f] 16 /3 f +clog[f]

Result (type 4, 2511 leaves):
1
6 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+clog[f])

b Log[f]?

fa /|27 e*[Fetslfl] £3 Cosh[d] Erf|

2fx-blog[f] -2cxLog[f]
2+/f-clog[f]
2fx-blog[f] -2cxLog[f]
2/F-cloglf]
2fx-blog[f] -2cxLog[f]
2+/f-clog[f]
2fx-blog[f] -2cxLog[f]

| VF-clog(F] +

b2 Log[f]?

27 c e*[*<tsll] £2 Cosh[d] Erf|

| Log[f] Vf-clog[f] -

b? Log [f]?

3 c2 etlfewelfl] £Cosh[d] Erf|

| Log[f12+/f-clog[f] -

b2 Log[f]?

33 etlfetslfl) Cosh[d] Erf|

| Log[f]1?/f-clog[f] +

2+/f-clog[f]
b? Log[f]?
6fx-blog[f] -2 Log[f
3etlrewsld) £3 Cosh[3d] Erf| X glt] -2cxlogl ]]\/BF—cLog[f] +
2+/3f-clog[f]
b Log[f]?
el 6fx-blog[f] -2 Log[f
c et rewlfl] £2Cosh[3d] Erf| X og[t] ~2cxlogl ]]Log[f] \V3f-clog[f] -
2+/3f-clog[f]

b? Log[f]?

i — 6fx-blog[f] -2cxLog[f
32 et euelfl] fCosh[3d] Erf| gl glt]

2+3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
2fx+blog[f] +2cxLog[f]

| Log[f12+/3f-clLog[f] -

b2 Log f]

¢ e+prewiv] Cosh(3d) Erf|

| Log 13 /3F - c Log (] -

b? Log|[f }

27 e *l#<welfl] £2 Cosh[d] Erfi|

| Vf+cLlog[f] -

2+/f+clog[f]
b2 Log[f]?
BT 2f bLog[f] +2 Log[f
27 ce *[rcwsll) £2 Cosh[d] Erfi| x+blog[t] +2cxlog] ]]Log[f] \f+clog[f] -
2+ f+clog[f]
b? Log[f]?
- 2f bLog[f] +2cxLog[f
3c2e +leesld) £ Cosh[d] Erfi| glt] r2cxlogl }]Log[ﬂzx/f+cLog[ﬂ .
2+/f+clog[f]
bZLog{J
P 2fx+blog[f] +2cxLog[f
3c3e #[~ewslfl] Cosh[d] Erfi| vbloglt]+ Al }]Log[ﬂWﬁcLog[ﬂ +
2+/f+clog[f]

b? Log[f]?

R 6fx+blog[f 2cxlog[f
3 e 4[3fcrLoglt 'FBCOSh[Bd] EI’"Fi{ + gf] + glf]

2+/3f+clog[f]

| V3f+cloglf] -
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b? Log [ f }

o .r6fx+blog[f] +2cxLog[f]
ce *Prewsldl] £2 Cosh[3d] Erfi| | Log[f] /3 f+clog[f] -
2+/3f+clog[f]

6fx+blog[f] +2cxLog[f]

2+/3f+clog[f]
b? Log[f]?

T laticionlell 6f bLog[f] +2 Log[f
¢ e +lremi] Cosh(3d] Erfi [ 208 T EEX B o112 3 F 5 c Log[F] -
2+/3f+clog[f]

2fx-blog[f] -2cxLog[f] ] JF-CLog[F] sinh[d] -

b? Log[f]z

3c2e “lf<wsll] £Cosh[3d] Erfi|

| Log[f12+/3f+cLog[f] +

b? Log fJ

27 e*[rewld)) £3 Erf |

2+\/f-clog[f]
b? Log[f]?
R 2fx-blog[f] -2cxLog[f
27 c ot rewntd] g2 g 222 rOBL S 2 XOBITL ) og 1) /¥ c Log ] Sinhid
2/ f-clLog[f]

%

X-blog[f] -2cxLog[f
32 et (Fetanll] £ Ep f[ gLt gl

2 F-clogif]

2fx-blog[f] -2cxLog[f
X og[f] cxLog| ]}Log[f]B f-clLog[f] Sinh[d] +
2+/f-clog[f]
B bZLog{J

—_— 2fx+blog[f 2cxLog[f
27 @ 4[fcoelfl] £3 Epfi [ * gLt - gl }]x/f+cLog[f] Sinh[d] -
2+ f+clog[f]
b? Log[f]?

- oelfl 2fx+blog[f] +2cxLog[f
27 ce “lFerslfl) £2Epfi| xrblog[¥]r2cxlogl J]Log[ﬂ v f+clog[f] Sinh[d] -

| Log[f12+/f-clLog[f] Sinh[d] +

3C (e4\FcLog 1) Er 'F[

2+/f+clog[f]
bZLog{J
L 2f bL f 2 L f
3c2e ¢[Fetoelfl) fEPFi [ x+blog(f] +2cxLlog] ]}Log[f]z f+clog[f] Sinh[d] +
2+ f+clog[f]
b? Log[f]?
-——==l 2f bL f 2 L f
3¢ et Enf| X+blog[f] +2cxLog| ]}Log[‘F]B f+clog[f] Sinh[d] -
2+/f+clog[f]

b2 Log{x‘]2

3 @4 (3fcLoglf]] £3 EI’"F{ 6fx-blog[f] -2cxLog[f]

2+/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]

6fx-blog[f] -2cxLog[f]

2+/3f-clog[f]
b? Log [f]?

— 6fx-blL f]-2 L f
c® et lretesld) Erf X og[f] ~2cxlogl ]]Log[f]3\/3f—cLog[-F] Sinh[3d] +
2+/3f-clog[f]

6fx+blog[f] +2cxLog[f]

| V/3f-clog[f] Sinh[3d] -

_ b'Log[f]*
c e4{3w‘—cLog:f]/\ .':2 EP'F{

| Log[f] V3f-clLog[f] Sinh[3d] +

b2 Log[f]?

3% et lPrenll) £ Erf]

| Log[f12/3F-cLog[f] Sinh[3d]+

b2 Log[f]?

3 thres] £ Enfi

| V/3f+clog[f] Sinh[3d] -

2+v3f+clog([f]
e gy S X bLogf] +2cxLog[f] .
e ) £ Enfi| | Log[f] V3 f+clog[f] Sinh[3d] -
2+/3f+clog[f]

b Log[f]?

3c2e lfeldl] £EPFi [Gfx*bmg[ﬂ r2cxlog(f]

2+/3f+clog[f]

| Log[f]12V/3f+clLog[f] Sinh[3d]
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~ b?Log[f]?

¢ e aprenln)] prpy[ ST XD LOBIF] r2C X Log[f)

2+/3f+clog[f]

| Log[f13 /3 f+cLog[f] Sinh[3d]

Problem 327: Result more than twice size of optimal antiderivative.

Jff**bmxz Cosh[d+ex+fx?]*dx

Optimal (type 4, 239 leaves, 10 steps):

, Cads (’2e7bLog[fi] :
-Fafjic\/FEr‘-Fi[ (b+2 € X) {Log[‘F] ] e sfacloglf] fa /7_(_ EP_F[Ze—bLog[fMZx(Zf—cLog[ﬂ)}

2+/¢c 2+/2f-clLog[f]
+ +
4\5\/Log[ﬂ 8+V2f-clLog[f]

2esbLog[f])?
ezd— sfaciogf| £2 /7_( Erfi [ 2e+blog[fl+2x (2f+clog[f]) ]

2 [2ficLog(f]
8+V2f+clog[f]

Result (type 4, 912leaves):

| 17
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1
8clog[f] (2f-clog[f]) (2f+clog[f])

(b+2cx) +Log[f]

bZ
fo/n |8+ F e Erfi| | Tog[f] -
2+/c
b? b+2cx) VLiog[f _ZAelbelog[F] " Log[]*
2c72 'F’FEr‘-Fi[( ) glt) } Log[f]®?2+2ce 4 (2#-cLog[f]) fCosh[2d]
2/c

_ -4e?iabelog[f]-b? Log[f]?

| Log[f] V2f-clog[f] +c’e 4 [2#-cLog[7])

2e+4fx-blog[f] -2cxLog[f]

2+/2f-clog[f]
2e+4fx-blog[f] -2cxLog[f]
2+ 2f-clog[f]

2e+4fx+blog[f] +2cxLog[f]

2+/2f+clog[f]

_4e?i4belog[f]+b? Log[f]?

Log[f] V2f+clog[f] -c?e  “[fewlfl]  Cosh[2d]

2e+4fx+blog[f] +2cxLog[f]

2+2f+clog[f]

2e+4fx-blog[f] -2cxLog[f]

Erf|

Cosh[2d] Erf]|

| Log[f12V/2f-clog[f] +

_4e’+4belog[f]b? Log[f]?

2ce  ‘tPfeeldl) £ Cosh[2d] Erfi]

]

_ -4e?+abelog|f]-b? Log|f] 2

| Log[f12/2f+clLlog[f] -2ce 4 (2¢-cLog|f]|

Erfi|

fErf| | Log[f] /2 -clog[f] Sinh[2d] -
2+/2f-clog[f]
~4e2:4beLog[f]-b? Log[f]?
— 2e+4fx-blog[f] -2cxLlog[f
Ce 4 [2¢-cLog[f]] Er\f[ raTx glf] xLog[f] ] Log[f]2V2f-cLlog[f]

2+/2f-clog[f]

_4e’s4belog|f]+b? Log[f]?

: 2e+4fx+blog[f] +2cxLlog[f
Slnh[Zd] +2ce 4 (2fcLog[f]) 'FEI“'Fl[ + + glf] + gf]

2+/2f+clog[f]

7492<4beLog[<F] +b? Log[ﬂZ

Log[f] V2 f+clLog[f] Sinh[2d] -c?e  “[2fctoelf]]

2e+4fx+blog[f] +2cxLog[f] ] Log[£]2 ’—Z'F‘FCLOg['FJ Sinh(2d]
2+2f+clog[f]

]

Erfi|

Problem 328: Result more than twice size of optimal antiderivative.

Jfam*cxz Cosh[d+ex+fx?]”dx

Optimal (type 4, 344 leaves, 14 steps):
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I 2
b Log[f])
g, Lol

e  4[fcroglf]] fa \/; Erf [ e-blog[f]+2x (f-clog[f]) ]

24/ f-cLog[f]
16 \/f - c Log[f]

\jae—bLog'FHZ
673 +Alzfdcwg:f] £a /7T Er‘_F[Be-bLog{ﬂ»foB-F—c Log[ﬂ)]

2+/3f-clog[f]
163 f -clog[f]

B \:efb\.og[f]‘}z
3 e 4lfcloelf]) 2~/ Epfi [ e+blog[f]+2x (f+clog[f]) ]

2./ f+cLog[f]
16 v/ f + c Log[f]

(3esbLog[f])?
-

e a(3f.cLoglf]) fFa /]T EP_Fi{Be»beog[-FMZx(3-F+cLog[~Fl)}

2+/3f+cLog[f]
16 V3 f+clog[f]

Result (type 4, 2991 leaves):
1
16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+cLog[f])

_ -e?:2beLog[f]-b? Log[f]’

fan |27e  elreweldl] £ Cosh[d] Erf|

e+2fx-blLog[f] -2cxLog[f]
2+/f-clog[f]
e+2fx-blog[f] -2cxLog[f]
2+/f-clog[f]
~e?+2belog[f]-b? Log[f]?
e PR e+2fx-blog[f] -2cxLog[f
3C2(E 4 [f-c Log[f]) 'FCOSh[d] EI’"F{ + g[ ] g[ ]
2+ f-clog[f]
7e2+2beLog:f]—b2Log:f]2
— e+2fx-blog[f] -2cxlLog[f
3cte 4 [#-c Log[f] Cosh[d] Er‘F[ . glt] gLt
2+ f-clog[f]
-9e?+6be Log[f]-b? Log[f]?
S R 3e+6fx-blog[f] -2cxLog[f
3e 4 (3f-cLog|f]) 'F3COSh[3d] EF“F[ + g[ ] g[ ]
2+/3f-clog[f]
e L LU 3e+6fx-blog[f] -2cxLog[f]

ce 4 (3%-crog[f]] f2 Cosh[3d] Erf|
2+/3f-clog[f]

_9e’i6be Log[f]-b? Log|[f] 2

Log[f] V3f-clog[f] -3c?%e 4 3 -cLog[f]] f Cosh[3d]

3e+6fx-blog[f] -2cxLog[f]

2+/3f-clog[f]

3e+6fx-blog[f] -2cxLog[f]

2+3f-clog[f]

| Vf-cloglf] +

-e?+2belog[f]-b? Log[f]?

27ce  4[rewel]) f2 Cosh[d] Erf|

} Log[f] Vf-clog[f] -

| Log[f12~/f-clog[f] -

| Log[f13+/f-clog[f] +

| V3f-clLog[f] +

}

_-9e?6belog[f]-b? Log[f]*

] Log[-F]Z 3f-clog[f] -c3e 4 (3¢ -clog[f])

Erf|

Cosh[3d] Erf]|

| Log[f1®/3f-clog[f] +

7ezw2beLog{fJ +b2 Logrfj2

‘ e+2fx+blog[f] +2cxLog[f
27 *rewl] 3 Cosh(d] Erfi| ST 2T X2 LB glt]

2+/f+clog[f]

]\/-F+cLog[-F} -
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- ehaberog[f] ¥ Log[]" 5 e+2fx+blog[f] +2cxLog[f]
27ce  tlrewsld)  f2Cosh[d] Erfi | Log[f] /f+clog[f] -

2+ f+clog[f]

ezwzbeLog[f:waLog[f:Z
— e+2fx+blog[f 2cxlLog[f
3c2e  tremi]  fCosh(d] Erfi| ST X P LOBITI Y 811 Log[£]2Frclogl] +
2+/f+clog[f]

e?+2beLog[f]+b? Log[f]?
e e+2fx+blog[f] +2cxLog[f
3cte  4[fcwsld]  Cosh[d] Erfi : : glt] + glt] | Log[f1®+/f+clog[f] +

2+ f+clog[f]

QezwsbeLog{f\szog{fZ
e 3e+6fx+blog[f 2cxlog[f
3e  chremi] £ Cosh([3d] Erfi| 2o ot X OLOBIT) ¥ el ) /3Fcloglf] -

2+/3f+clog[f]

- 2e8be Log[f].t7 Log[£]7 3e+6-Fx+bLog[ﬂ+2chog[ﬂ]

ce  Prewslfl]  £2Cosh[3d] Erfi|
2+/3f+clog[f]

_9e?+6belog[f]+b? Log[f]?

Log[f] V3f+clog[f] -3c?e  *(fewsldl]  fCosh[3d]

3e+6fx+blog[f] +2cxLog[f
Er\-Fi[ + + g[ 1+ g[ 1]L0g['ﬂ2 3'F+CLOg['F} +C3e 4(3f+cLog[f]J

2+/3f+clog[f]
.r3e+6fx+blog[f] +2cxLog[f] 3
Cosh[3d] Erfi] | Log[f12+/3f+clLog[f] -
2+/3f+clog[f]

~ -e?:2belog|f]-b? Log[f]? _ _
27e  alrewsld]  £3 Erf[e+2fx bLog[f) -2 cxLog(f] | VF-cLlog[] Sinh[d] -

2+ f-clog[f]

'78&2“:“%7]12 EOEW 2 e+2fx-blog[f] -2cxLog[f] .
27ce 4 (f-cLog[7]] f2Erf] | Log[f] V/f-clog[f] Sinh[d] +
2+/f-clog[f]

-e?+2be Log[f]-b? Log[f]?
— e+2fx-blog[f] -2cxLog[f
3c’e 4 [#-c Log[f] fErf] i glt] gl ]}Log[ﬂzx/f—cLog[ﬂ Sinh[d] +

2+ f-clLog[f]

~e?+2be Log[f]-b? Log[f]?
e 2fx-blL f] -2 L f
3ce 4 (- Log|£]] Erf[e+ X o8 [7] cxlogl J}Log[ﬂ%/f-cLog[ﬂ Sinh[d] +
2+ f-clog[f]

e?+2beLog[f]+b? Log[f]?
I et e+2fx+blog[f] +2cxLog[f
27 e a[FrcLoglf]| £3 Epfi[ : . glt] + g% ] Vf+clog[f] Sinh[d] -

2+ f+clog[f]

_eezbelog[f] 7 Logf]” ,_ _.re+2fx+blog[f] +2cxLog[f] .
27ce 4 [Fretog[f]) f Er'-Fl[ } Log[f] /f+clLog[f] Sinh[d] -

2+/f+clog[f]

e?+2beLog[f]+b? Log[f]?
 u2be og| ] 7 Logl )" e+2fx+blog[f] +2cxLog[f
3c2e  clreld]  FERFI[ +blog(t] + glT] | Log[f]2+/+cLog[f] Sinh[d] +

2+/f+clog[f]
e?12be Log[f] +b? Log[f]?
B e er— e+2fx+blog[f] +2cxLog[f
3cde  Alfrcroeld]] Erfi| : : glt]+ el ]} Log[f]3+V/f+clLlog[f] Sinh[d] -
2+/f+clog[f]

—9e2+6beLog[f]-b? Log[f]?
— 3e+6fx-blog[f] -2cxLog[f
3e 4 (3t-cLog[f]] 2 Erf| o gl xLogl ]]\/BF—CLog[f] Sinh[3d] -
2+/3f-clog[f]

9e?6be Log|f]-b? Log[f]?
-2t el el 3e+6fx-blog[f] -2cxLog[f
ce 4 (3f-cLogf]) 'FZ EI’"F[ ’ el & ] Log[f] 3fc Log[f]
2+/3f-clog[f]
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9e?:6be Log[f] b Log[f]?
_ -9eti6belog[f]-b? Log[f]> 3e+6fx-blog[f] -2cxLog[f
Sinh[3d] +3c2e  *brewld]  fERF[ T e o

2+/3f-clog[f]

_ 9e?6be Log[f]-b2 Log[f]?

Log[f]2~\/3f-clog[f] Sinh[3d]+c3e  *[Fctoslf]

3 6fx-blL f] -2 L f

eroTx og[t] ~2cxlogl ]]Log[f]3x/3f7cLog[f] Sinh[3d] +
2+/3f-clog[f]

_9e?i6belog[f]+b? Log[f]?

3e 4(3fec Log[] | .':3 Erfi [

]

Erf|

3e+6fx+blog[f] +2cxLog[f]

2+3f+clog[f]
3e+6fx+blog[f] +2cxLog[f]

2+/3f+clog[f]

| V3f+clog[f] Sinh[3d] -

79e2+5beLog[f:+b2Log[f]2
ce  tPrewll]  f£2EpFi|

] Log[f] V3 f+cLog[f]

9e?+6beLog|f]+b? Log[f]?
e 3e+6fx+blog[f] +2cxLog[f
Sinh[3d] _3c%e 4 (3f+cLog[f]] 'FEI"'Fl[ + + glf] + glf]

2+/3f+clog[f]

_9e?:6belog[f]+b? Log[f]?

Log[f]2+V3f+clog[f] Sinh[3d] +ce 4 (3 e rog(f])

3e+6fx+blog[f] +2cxLog[f] ] Log [£]3 ﬁhcmg[ﬂ Sinh[3d]
2+/3f+clLog[f]

]

Erfi|

Problem 329: Result more than twice size of optimal antiderivative.

J + XV Cosh[x] | dx

Optimal (type 3, 20leaves, 2 steps):

X

Cosh[x]3/?

_4m N 2 xSinh[x]
1/ Cosh[X]

Result (type 3, 46 leaves):

2 Cosh[x] Sinh[x] Tanh{ﬂ2
2Sinh[x] |x -

(-1+Cosh[x])3/2 ] 1+Cosh[x]

1/ Cosh[x]

Problem 332: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J

Optimal (type 4, 36 leaves, 3 steps):
-8x+/Cosh[x] -161 EllipticE[j—X, 2]+
2

x2

Cosh[x]3/?

+x2+/Cosh[x] | dx

2 x%2Sinh[x]
1/ Cosh [x]
Result (type 5, 76 leaves):

| 21
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4+/Cosh[x] (Cosh[x] +Sinh[x]) |-4 (-2+x) Cosh[x] +x*Sinh[x] +

1+ e2X

8 Hypergeometric2F1 |- , —€2X] (-Cosh[x] +Sinh[x]) v/1+Cosh[2x] +Sinh[2X]

N |
-
W

FNQUIN

Problem 335: Result unnecessarily involves imaginary or complex numbers.
JCosh[a+bx} 4

c+dx?

X

Optimal (type 4, 213 leaves, 8 steps):

Cosh[a + ﬁ] CoshIntegral| bic _p x| Cosh|a- 'ﬂg} CoshIntegral| b/e Ly x|
¥ ¥

Vd ~ d B
2+/-c /d 2+/-c /d
Sinh [a + 55} SinhIntegral [ bic _p x] Sinh [a - ﬂ] SinhIntegral [ bc ,p x]
IES 5 i a IES
2+/-c Jd 2+/-c /d
Result (type 4, 180leaves):
_r
2+/c Vd
i b b i b b
i |Cosh[a- = \/?] CosIntegral|- Ve +1ibx]| - Cosh|a+ = \E} CosIntegral | Ve
Vd Vd Vd Vd
1 b b
i [Sinh[a- Love | sinIntegral| Ve -ibx]+
Vd Vd
1 b b
Sinh[a+ = \/?] SinIntegral| Ve +1 bx}]
Vd Vd

Problem 336: Result unnecessarily involves imaginary or complex numbers.
JCosh[aerx}

c+dx+ex?

dx

Optimal (type 4, 271 leaves, 8 steps):

+]'1bx]+
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b |d-+/d*-4ce b {dfx/d274ce

Cosh|a- - | CoshIntegral| - +b x|
Vd2-4ce
b [d+i/d*-4ce b [d+v/d*-4ce
Cosh[a - .- | coshintegral] — +bx]
N
Vd2-4ce
b ’dfx/d274ce b [d-+/d*-4ce
Sinh [a - - } SinhIntegr‘al[ e +b x}
Vd2-4ce
b [d+r/d*-4ce b [d+v/d*-4ce
Sinh|a- .- | sinhIntegral| — +bx]

Vd?2-4ce
Result (type 4, 248 leaves):

b(—d+\/d2—4ce) jb(d—\/d2—4ce+2ex)

S Cosh[a + | cosIntegral| |-
4/d2_4ce 2e 2e
b(d+\/d2—4ce) ib(d+\/d2—4ce+2ex)
Cosh|a - | CosIntegral| | -
2e 2e
b(d+\/d2—4ce) b(d+\/d2—4ce +2ex)
Sinh[a- | sinhIntegral] |+
2e 2e
b(—d+\/d2—4ce) jb(—d+\/d2—4ce)
iSinh|a+ | sinIntegral| -ibx]|

2e 2e
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Summary of Integration Test Results

336 integration problems

—

A - 306 optimal antiderivatives

B - 14 more than twice size of optimal antiderivatives
C - 6 unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - 2integration timeouts



